Abstract-The local dynamics of the Ginzburg-Landau equation with small diffusion and periodic boundary conditions in the neighborhood of running waves is analyzed. Sufficient conditions for the instability of running waves and sufficient conditions for their stability are found.
INTRODUCTION
The Ginzburg-Landau equation describes a large class of nonlinear wave phenomena in spatially dis tributed systems [1, 2] .
The Ginzburg-Landau equation is known to possess a rather complex dynamics [3] , and yet the majority of the results characterizing the behavior of solutions for this equation are obtained numerically.
In this paper, necessary and sufficient conditions for the stability of running waves are found analyti cally for the Ginzburg-Landau equation with small diffusion and periodic boundary conditions.
FORMULATION OF THE PROBLEM
Consider the Ginzburg-Landau equation with small diffusion, (1) with the following periodic boundary conditions: (2) Here, u is a complex valued function, ε is a small positive parameter, a dot denotes the derivative with respect to t, and primes denote derivatives with respect to x. Boundary problem (1), (2) has a set of solu tions, which have the form of a running wave: u k = where k is an integer. Let us analyze the stability of running waves for sufficiently small values of parameter ε.
ANALYSIS OF THE ROOT LOCATION FOR THE CHARACTERISTIC POLYNOMIAL
It is well known that the Lyapunov theorem on the stability of solutions in the first approximation holds for parabolic equations; hence, let us analyze the boundary problem linearized on a running wave.
For convenience, in Eq. (1), we substitute u = u k (1 + v) , where v = v 1 + iv 2 . Upon reducing by u k , we obtain the equation on v 1 and v 2 : Using standard methods, a family of characteristic polynomials is constructed for linearized system (3) (for each integer n, we have a characteristic polynomial):
Obviously, Eq. (4) has a zero root for n = 0. For each wavenumber k, the location of the roots of Eq. (4) is analyzed for all integer nonzero n.
Finding Sufficient Conditions of Instability
Consider the case of asymptotically large wavenumbers. Let z be a fixed arbitrary number from the union of intervals (-1, 1)\{0}. We represent k in the form of k = z/ε + θ z + k 1 , where θ z ∈ [0, 1) amplifies z/ε up to an integer and k 1 is an integer. Thus, Eq. (4) takes the form (5) We fix θ z , so that the roots of Eq. (5) depend regularly on ε. Let us analyze their location. For ε = 0 and any n, there is a root λ = 0; therefore, for nonzero ε, the root λ is expanded in powers of ε: λ = ελ 1 + ε 2 λ 2 + O(ε 3 ), where λ 1 and λ 2 are complex numbers.
We collect terms of Eq. (5) of the same order of ε and find λ 1 and Re λ 2 :
Note that λ 1 and Reλ 2 do not depend on θ z ; therefore, for θ z = θ z (ε), the asymptotics is uniform along θ z from the interval [0, 1] and the above calculations are valid.
For bd + 1 < 0 and any z from the union of intervals (-1, 1)\{0}, Reλ 2 will be positive. For bd + 1 > 0, the real part of λ 2 will be positive for From the above discussion, it appears that the following theorems hold. Theorem 1. Let z ∈ (-1, 1) be arbitrarily fixed and the inequality bd + 1 < 0 hold. Then, for all sufficiently small ε, the running wave (t, x) is unstable.
Theorem 2.
Let z ∈ (-1, -z 2 ) ∪ (z 2 , 1) be arbitrarily fixed and the inequality bd + 1 > 0 hold. Then, for all sufficiently small ε, the running wave (t, x) is unstable.
From here on,
Finding Sufficient Conditions of Stability
Below, we assume that bd + 1 > 0. In Eq. (4), we introduce the following notation: εk = z and εn = m. Note that, from the condition of nonnegativity of ρ k , it follows that |z| < 1. Thus, we have the equation
Reasoning in the new terms, we are interested in the location of the roots of Eq. (6) as a function of z for each nonzero m. In Subsection 2.1, we proved that instability occurs for |z| > z 2 , so we are now interested only in the values of |z| < z 2 . We find the roots of Eq. (6) in the form λ = a + ic. By substituting this relation into Eq. (6), we obtain (7) We find the real and imaginary parts of the equation. From the imaginary part, c is expressed via a and this relation is substituted into the real part of Eq. (7) It is easy to see (given the auxiliary condition |b| ≥ |d|) that, among z 2 , z 4 , and z 6 , the smallest number is z 2 . Theorem 4. Let bd + 1 > 0 and |b| ≥ |d|. Then, for all sufficiently small ε, the running wave u z/ε is stable for |z| < z 2 and unstable for z 2 < |z| < 1. 
